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Introduction and axioms

The demonstration of a commonalty of logical structures in 
arbitrary organisms under weak topological constraints is in two 
parts. The fi rst is a proof that the process of transduction from 
external to internal milieu encodes sentential calculus (SC) in 
sensory data. It is well known that SC is quite robust, and appears 
in many guises—probably most familiar in switching circuits, 
as shown by Claude Shannon in his 1937 Master’s thesis [1]. 
Therefore, the proof that sensory transduction is equivalent to 
SC—though necessary, and occupying the bulk of the paper—
is not particularly surprising. The second part—containing the 
astrobiological signifi cance of this equivalence—arises from a 
demonstration of the persistence of the logical bias of SC in 
all inductive constructs of an organism that form its internal 
model of the external world. The fi rst axiom of this analysis is 
that the external world can be known only as such an internally 
constructed  model. The second axiom is that the internal 
model is ordinally and inductively derived—i.e., each level of 
increasing complexity results from an equivalence identifi ed 
in a preceding stage. However, particular details of the model’s 
construction—and its many additional consequences [2-4]—
are not directly relevant to the current proof. Given the two 
axioms, the theorem demonstrates that topological exigencies 
impose a commonalty of logic shared by any physical organism.

Though the conclusion of this proof is consistent with 
the orthodox assumption of a commonalty amongst diverse 

intelligences, this agreement is fortuitous and actually arises 
by correcting an error in the common view. Though rarely, 
if ever discussed, natural scientists implicitly consider the 
external world and its internal model to be isomorphic—
informally, interchangeable or equivalent. Therefore, an 
alternate intelligence observing the same universe should 
share the more abstract (and non-idiosyncratic) elements of 
the internal model, e.g., mathematics and physics, and it has 
been traditionally thought that effective communication with 
such an organism would proceed by use of these disciplines. 
However, this fundamental assumption—i.e., the isomorphism 
of external world and internal model—is, in fact, incorrect. 
The functional relationship between the external and internal 
worlds is actually the composition of two maps—decomposition 
(discretization/transduction) and reconstruction. Since the 
former of these has no inverse, an isomorphism cannot 
exist, and the external universe and its internal model are 
incommensurable. Therefore, any extrapolations from human 
perspectives cannot be assumed, but must be carefully 
verifi ed. Subject to weak topological constraints, this proof 
demonstrates that there is a commonalty underlying any 
organisms’ internal model of the universe, but its origin is 
entirely distinct from that currently supposed, and as a result, 
the proof has consequences for the sciences of mathematics 
and physics that have not been recognized.

The topological origin of SC has other consequences 
independent of the existence of extraterrestrial, or alternate, 
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intelligence. The theorem provides new perspectives on classic 
problems in natural science and mathematics, in particular, the 
nature of mathematical forms, and the utility of mathematics 
in physics. The biological origin of these perspectives 
identifi es an unexpected and interesting connection between 
fundamental sciences.

The proof originates in the observation that any organism 
can know the external world solely as an internally constructed 
model.  A prerequisite for such a reconstruction is a process 
of transduction at the interface between external and internal 
worlds—a boundary that must exist in any physical organism.  
In humans, the sensory organs perform this function.  The 
transduction apparatus converts a small portion of the 
multifarious ambient information into a common internal 
form (e.g., bioelectric impulses) from which the external 
world is internally reconstructed.  The external world must 
be discretized, selectively fi ltered, and internally reassembled 
before it is knowable, and this process has consequences that 
can be formally analyzed.

Overview

This investigation fi rst generalizes aspects of human 
sensory transduction that apply to any organism. The external 
stimulation of an arbitrary organism becomes a pattern of 
activation of its transducing units. Some complex patterns of 
stimulation will be identical to less complex patterns, while 
others may not be so reducible.  Analysis of the equivalence 
of activation patterns by formal rules that characterize the 
transduction process results in a calculus of stimuli.  

After interpreting its symbols, the calculus is proved to be 
equivalent to the sentential calculus of deductive logic.  This 
shows that transduction creates a logical structure that is 
embedded at the fi rst stage of perception of the external world. 
It is then demonstrated that any inductive construct internally 
created from sensory data must preserve the calculus of 
stimuli, and thereby preserve the logical bias established by 
sensory transduction. An astrobiological theorem results from 
the essential nature of transduction for any organism whose 
structure satisfi es very weak topological constraints.

The proof, then, consists of the following steps: fi rst, 
abstract principles common to all systems of sensory 
transduction are isolated; second, a calculus of stimuli is 
presented that identifi es the equivalence of different activation 
patterns; third, the symbols of the calculus are interpreted; 
fourth, it is proven that under this interpretation the calculus of 
stimuli is equivalent to SC; fi fth, it is proven that any inductive 
constructs created from sensory data retain the logical bias of 
SC; fi nally, it is concluded that any sentient physical organism 
must have a system of logic equivalent to SC.

A generalized system of sensation

Sensory transduction is the discrete fi ltering of continuous 
and diverse external information into a common internal 
mode from which the external world can be reconstructed.  
The fi ltering is accomplished by activation of a set of 
reactive elements of an organism in response to specifi c 

external stimuli.  Activation of one element may result in the 
inhibition or activation of other elements, by its action alone 
or by summation with other elements.  In order to account for 
interactions of basic transducing elements, a transducing unit 
will be defi ned as a collection of interacting elements.  Any 
element may be its own unit, as well as part of many other 
units. The specifi c details of the structure of transducing units, 
however, are not germane to the present analysis.  The calculus 
depends on only two fundamental aspects of transduction—1. 
activation of a transducing unit can be considered a binary 
process, wherein the unit is either active or not, and 2. 
different patterns of activation are equivalent. Note that any 
logical constraints imposed by the binary case apply equally 
to a system with graded responses of the transducing units 
since this circumstance is described by the conjunction of the 
propositions (unit ‘a’ is active) & (unit ‘a’ has output ‘x’). 

A calculus of stimuli

In the following, set-theoretic symbols are used for clarity 
and convenience, but the use is mereologic—the symbols refer 
to actual physical objects, and parts of these objects.  Let A* 
= {a*i}i  be the transducing units of an arbitrary organism.  
For each fi nite organism there will be an ‘n’ such that a*i= 
Ø  for i>n. Let (A*) = power set of A*. Let activation of a 
transducing unit a*i  be denoted by ai.  Note that if a*i= Ø, then 
ai= Ø.

Activation of a transducing unit is evidenced by output from 
the unit. Let the following two operations be defi ned:

1.  ai aj   -  concatenation, simultaneously activating a*i  and 

a*j, concatenation is  commutative (comm).  In the set 

(A*), this means activating the element (a*i) (a*j) 

where the union is in (A*).  

2.  [ai]  -  complement, activating p*(A*) such that p* 
= A*\ a*i with ‘=’ meaning ‘the same element as’ in 
(A*).

A stimulus can now be defi ned as follows:

     1.  ai  is a stimulus 

     2.  [ai] is a stimulus

     3.  ai aj  is a stimulus

4.  any fi nite application of 1-3 is a stimulus

Let a,b,c,...,etc. represent stimuli generated by the above 
rules.  

With ‘=’ meaning ‘the same pattern of activation as’, with 
‘A’ representing activation of the entire set A*, and with Ø 
representing absence of activation of any element of A*, the 
following primitive equalities, which characterize transduction, 
are easily verifi ed as consequences of the defi nitions of 
concatenation and complementation:

I.  a a = a
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II.  [[a]] = a

III.  [a] a = A,  [[a] a] = Ø

IV.  A a  = a A = A,  Ø a= a Ø= a

V.  [a b] b  = [a] b

Activation of the entire set A* and the empty activation, Ø, 
cannot be obtained by a fi nite application of rules 1-3 above 
and therefore as stimuli,  A and Ø are used as diminutives for 
the identities, A  [a] a, and Ø  [[a] a].

Any stimulus can be reduced to an irreducible stimulus by 
the application of I-V above.  Some stimuli are reducible to 
activation of the entire set A*, and some are reducible to the 
empty activation, Ø .  The collection of stimuli that reduce to 
the stimulus, A, by application of I-V, I will call STIMA.  As 
examples, I will now reduce the following seven stimuli, the 
choice of which will be clear shortly:

1.  [a] [b] a:

[a] [b] a = [a] a [b]                                                          comm

 [a] a [b] = A [b]                                                               III.

A [b] = A                                                                          IV.

2.  [[a] [b] c] [[a] b] [a] c:

[[a] [b] c][[a] b] [a] c = [[a] [b] c] [b [a]] [a] c                 comm

[[a] [b] c] [b [a]] [a] c = [[a] [b] c] [b] [a] c                         V.

[[a] [b] c] [b] [a] c = [[a] [b] c] [a] [b] c                               comm

let d = [a] [b] c, then

[d] d = A                                                                               III.

3.  [[[a]] [b]] [b] a:

              [[[a]] [b]] [b] a = [a [b]] [b] a                                         II.

              [a [b]] [b] a = [a [b]] a [b]                                              comm

              let c = a [b], then

              [c] c = A                                                                         III.

4.  [[[a] [b]]] a,  or [[[a] [b]]] b:

             [[[a] [b]]] a = [a] [b] a                                                   II.

             [a] [b] a = [a] a [b]                                                        comm

             [a] a [b] = A [b]                                                             III.

             A [b] = A                                                                       IV.

5.  [[c] a] [[c] b] [c] [[a] [b]]:

[[c] a] [[c] b] [c] [[a] [b]] = [[c] a] [b [c]] [c] [[a] [b]]            comm

 [[c] a] [b [c]] [c] [[a] [b]] = [[c] a] [b] [c] [[a] [b]]                 V.

 [[c] a] [b] [c] [[a] [b]] = [a [c]] [c] [b] [[a] [b]]                      comm

[a [c]] [c] [b] [[a] [b]] = [c] [a] [b] [[a] [b]]                 V., comm       

let d = [a] [b], then

[c] d [d] = [c] [d] d = [c] A                                                 comm, III.

[c] A = A                                                                                 IV.

6.  [a] a b, or [b] a b:

             [a] a b = A b                                                                 III.

             A b = A                                                                        IV.

7.  [[a] c] [[b] c] [a b] c:

[[a] c] [[b] c] [a b] c = [[a] c] [[b] c] c [a b]                       comm

[[a] c] [[b] c] c [a b] = [[a] c] [[b]] c [a b]                         V.

[[a] c] b c [a b] = [[a] c] c b [a b]                                    II., comm

[[a] c] c b [a b] = [[a]] c b [a b]                                        V.

[[a]] c b [a b] = a c b [a b]                                                 II.

a c b [a b] = [a b] a b c                                                      comm

let d = a b, then 

[d] d c = A c                                                                       III. 

A c = A                                                                               IV.

An interpretation of the calculus

The symbols of the calculus of stimuli can be interpreted in 
the following manner:

1. let {ai}i be identifi ed with the set of sentential variables

{pi}i

2. let concatenation be interpreted as the logical connective 
‘or’, i.e., ai aj  pi  pj where ‘ai’ is identifi ed with ‘pi’ and ‘aj’ 
with ‘pj’

3. let [ ] be interpreted as the logical connective ‘not’, i.e., 
[ai]  ~pi 

then,

4. the logical connective ‘and’ becomes, pi  pj  [[ai] [aj]] 

5. the logical connective ‘imply’ becomes  pi → pj  [ai] aj 

Note that for any realization, R, of SC, R(fA) = 1 and R(fØ) 
= 0, where fA and fØ are the formulas of SC obtained from A  
[a] a, and Ø  [[a] a].  

The common properties of the logical connectives are 
retained in this interpretation, and any stimulus can be 
translated into a formula and vice versa.  It must be shown, 
however, that the translations are unambiguous, and, more 
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importantly, that reduction of a stimulus preserves the 
realization of the translated formula.

Equivalence of the calculus of stimuli and SC

Lemma 1: Every stimulus translates to a unique formula of 
SC, and vice versa.

  pf: The proof is by induction on the number of logical 
connectives and elementary operations.

1. Every formula translates to a unique stimulus.

a. sentential variables translate to atomic stimuli, pi→ai

b. suppose that  and  translate uniquely to a and b, then 

  and ~ also translate uniquely.

1.      translates uniquely to a b

2.     ~ translates uniquely to [a] 

      2. Every stimulus translates to a unique formula.

    a. atomic stimuli translate to sentential variables, ai→pi

    b. suppose that a and b translate uniquely to  and , then 
a b and [a] also translate uniquely.

1. a b translates uniquely to  

2. [a] translates uniquely to ~ 

Lemma 2:  Reduction of a stimulus, s, preserves the 
realization of fs, the formula of SC derived from s.

 pf:  It must be shown that R(fs)= R(fs’) if s reduces to s’ 
by application of rules I-V.  The number of applications of I-V 
in the reduction of s to s’ is fi nite since s is fi nite.  If each 
reduction can be shown to preserve realization,

R(fs)=R(fs1)=...=R(fsn)=R(fs’) and, therefore, R(fs)= R(fs’).  

It suffi ces to show both sides of the equality sign in I-V have 
the same realization.  The symbols  and  are the operations 
meet and join when connecting realizations, and Rc is the 
complement of R, both in the Boolean Algebra, 2. 

I. R(fa fa)= R(fa)  R(fa)= R(fa)

II. R(~(~fa))= R(~fa)c= R(fa)cc=R(fa)

III. R(~fa fa)= R(fa)c  R(fa)=1= R(fA)

R(~(~fa  fa))= R(~fa  fa)c= (R(fa)c  R(fa))c= 1c= 0= R(fØ)

IV. R(fA)  R(fa)= 1 R(fa)= R(fa) 1= R(fa) R(fØ)  R(fa)= 0  

R(fa)= R(fa)  0 = R(fa)      

V. R(~(fa fb) fb)= R(~(fa fb)) R(fb)= (R(~fa) R(~fb))  

R(fb)= (R(~fa) R(fb) (R(fb))c R(fb))= (R(~fa) R(fb)) 

1= R(~fa) R(fb)= R(~fa fb)

Lemma 3: If R is any realization of SC, and if a stimulus, s, 
reduces to A, then R(fs)= 1.

pf.  Let s’= A in Lemma 2, then R(fs)= R(fA).  But, R(fA)= 1.

Therefore, R(fs)=1. 

The seven previous stimuli examples can now be translated 
as:

1. → (→)

2. 

3. 

4. 

5. 

6. 

7. 

The preceding is an axiom system for SC [5]. In other words, 
the axioms of SC when translated are elements of STIMA.

I will now show that the collection STIMA and the 
collection of provable propositions of SC (PROV) are identical 
under the translation described.  Since SC is complete, this 
will demonstrate that PROV = STIMA = TAUT, where TAUT 
is the collection of tautologies of SC. In conjunction with the 
preceding Lemmas, this will demonstrate that the calculus of 
stimuli is equivalent to SC.

Theorem 1:   PROV  STIMA

pf:  It must be shown that any stimulus that reduces to A 
translates to a provable formula of SC.

a.  the stimulus may translate to an axiom of SC in which 
case the proof is complete.

b.  if the stimulus, s, does not translate to an axiom of 
SC, then let the formula it translates to be fs.  Let R be any 
realization of SC. R(fA) =1,  and since s reduces to A, by 

Lemma 3: R(fs) =1. That is, fsTAUT.  But SC is complete, so 

TAUT = PROV. Therefore, fsPROV, and

PROV  STIMA. 

Theorem 2:  STIMA   PROV

pf.  It must be shown that any provable formula of SC 
translates  to a stimulus that reduces to A.  This will be proved 
by induction on the length of proof, i.e., either the provable 
formula is an axiom of SC, or if f translates to a stimulus, s; 
translates to a stimulus, s’; and g, translates to a stimulus, t; 
and both s and s’ reduce to A, then t also must reduce to A. 

a.  all axioms when translated to a stimulus reduce to A as  
shown in the seven examples of the fi rst section.

b.  f translates to s reduces to A and g translates to t.  Since

f→g reduces to A,  [s] t = A.  But s reduces to A so [A] t = A.  



040

https://www.peertechz.com/journals/annals-of-mathematics-and-physics

Citation: Steinberg DA (2020) An astrobiological theorem. Ann Math Phys 3(1): 036-041. DOI: https://dx.doi.org/10.17352/amp.000017

[A] = Ø, so Ø t= A and therefore, t = A, and STIMA   PROV.

Theorem 3:     PROV = STIMA = TAUT

pf:  PROV = TAUT by completeness of SC.  Theorems 1 and 2 

indicate STIMA = PROV.  Therefore,

PROV = STIMA = TAUT.

The preceding accounts for all of the necessary preliminaries 
for one result of this development.

Theorem 4:  The calculus of stimuli is equivalent to SC

pf.  Interpret the calculus of stimuli as described and apply 
Lemma 1 and Theorem 3.

Though this assures the equivalence of SC and the calculus 
of stimuli, it does not imply that the inductive constructs—
including the natural sciences—derived from sensory data 
necessarily retain this logical bias. It is this latter fact that 
ensures the commonalty of logic underlying the models of the 
external universe created by organisms satisfying very weak 
topological constraints.

An astrobiological theorem

This proof is based on two axioms: 1. the external world 
can be known only as an internal model, and 2. each stage of 
model-building is inductive—i.e.,  the process of increasing 
complexity is successive identifi cation of equivalence. The 
fi rst stage of internal reconstruction of the external ambience 
involves the identifi cation of separate objects within the global 
patterns of activation.  It fi rst must be shown that objects, 
as equivalence classes of subsets of the global patterns of 
activation, retain the logical bias of the calculus of stimuli. It 
then must be proven that any further inductions derived from 
objects preserve the calculus of stimuli.

Theorem 5: Any internal inductive construct derived from 
sensory data preserves the calculus of stimuli.

pf.  Proof is by induction on the length of the inductive 
chain. 

Let ∑1, … , ∑n represent separate patterns of global 
activation of the same organism so that they represent different 
activations of the same set of transducing units, A*. Let a1∑1, 
… , an∑n be  “n” stimuli that are identifi ed as representing 
the same object. I.e., a1≈i … ≈i an where “≈i” means equivalent 
under the induction “i.” By defi nition, the equivalence relation 
“≈i” must contain all elements that are shared by a1 ,… , an i.e., 
the conjunction of a1, …, an. It must be shown that if a1, … , 
an are described by the calculus of stimuli, then so is [[a1] … 
[an]]. The stimulus [[a1] … [an]] is a pattern of activation of 
A*. Since am∑m of A* is a stimulus for m=1, … , n, successive 
applications of rules 2 and 3 imply [[a1] … [an]] is a stimulus. By 
above theorems and lemmas, the equivalence class induced by 
“≈i” preserves the calculus of stimuli.

Let P1, … ,Pr be equivalence classes obtained by a sequence 
of inductions “≈iP11 … ≈iP1s” , … ,“≈iPr1 … ≈iPrt” respectively. Each 
mPm for m=1, … , r is of the form (a1≈iP11 … ≈iP1s1), … , (ar≈iPr1 … 

≈iPrtr) for some patterns of activation of the transducing units, 
a1, … , ar. The calculus of stimuli is retained in P1, … , Pr by 
assumption and, therefore, 1, … , r are valid stimuli. Let R 
be an equivalence class of P1, … , Pr under some equivalence 
relation “≈”, then it must be shown that the calculus of stimuli 
is retained in R. Now R must contain some shared elements 
of P1, … , Pr under “≈”, i.e., for some 1P1, … , rPr with k 
k, [[1] … [r]] must be shown to be a stimulus. By successive 
applications of rules 2 and 3 this must be so since all 1, … , 
r are stimuli (by assumption) and therefore so are 1, … , r. 
By preceding theorems and lemmas, the equivalence class R 
preserves the calculus of stimuli.

The essence of this theorem is that all objects, relationships, 
and interactions forming the internal model of the external 
universe constructed from sensory data contain an encoded 
logic resulting from the necessity of transduction at the 
boundary surface. Therefore, the laws discovered governing 
the models of the external world—themselves being inductive 
constructs—also contain this logical bias.

Theorem 6: Any suffi ciently advanced organism of non-
zero, fi nite volume (with boundary) has embedded in its model 
of the world a logical system equivalent to SC.

pf. Let  A* be the set of transducing units of an arbitrary 
organism. Because an organism of non-zero fi nite volume (with 
boundary) must convert the external milieu to an internal one, 
A* is not empty. Interpret the calculus of stimuli as described, 
and apply Theorem 4 and 5.

The astrobiological theorem demonstrates that there is a 
logical bias embedded in the most elementary unit of sensation 
and that this bias is faithfully transmitted to any internal 
inductive construct originating in sensory transduction. By 
the theorem’s axioms, all that can be known of the external 
world is such an internal model, and this model is inductively 
created. Therefore, SC forms the ‘natural’ logic in the model 
of the world of any organism with a boundary surface. This 
fact has consequences for a variety of scientifi c issues and the 
following comments illustrate different perspectives on some 
classic problems in mathematics and physics.

Constructive and formal mathematics 

The relationship between structure and logic identifi ed in 
the theorem suggests a synthesis of mutually exclusive ideas 
about the nature of mathematics.  For example, the theorem 
retains the universal nature of mathematical forms found in 
formal or platonic theories.  However, universality is not due 
to independent external existence of these forms, as platonists 
generally believe, but rather to a universal necessity to 
convert the external world to an internal one.  Conversely, an 
epistemological origin of mathematics is confi rmed, supporting 
constructive notions, but this is not a purely human limitation, 
as the constructivists imply, since it applies to any physical 
organism.  Finally, intuitionist philosophies contend that logic 
is derived from experiential, fi nitary mathematics and is not 
reliably applied to infi nitary cases.  This results in the distrust 
of indirect proofs and such logical principles as the excluded 
middle.  The theorem again suggests areas of agreement and 
disagreement with this philosophy.  Contrary to the intuitionist 
view, logic is synthetic a priori relative to mathematics since it 
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arises from the physical structures of sensation.  However, it is 
exactly this origin in the objects of perception that would seem 
to limit its reliable utility to the fi nitary perceptible universe, 
in agreement with the intuitionist viewpoint.

In summary, an attractive aspect of the astrobiological 
theorem is the synthesis it offers for several disparate ideas 
about the nature of mathematics. Perspectives that were 
mutually exclusive are shown to arise as simply a difference in 
emphasis within a more general structure.

Utility of mathematics in physics

Eugene Wigner (1902-1995) eloquently expressed the 
perplexity engendered by the apparently fortuitous utility 
of mathematics in physics [6]. This has become even more 
apparent in string theories in which, apparently, the only reality 
is the mathematics. The astrobiological theorem may suggest, 
at least phenomenologically, why this relationship exists. Since 
a logical system is embedded in the most elementary form of 
perception, any inductive structure internally reconstructed 
from these elementary percepts, including physics, is subject 
to this initial constraint. However, this same constraint, being 
metamathematical, limits the (natural) deductive forms of 
mathematics. This, of course, does not impy that other logical 
systems cannot be conceived and investigated, as obviously is 
the case, but rather that SC is, in a sense, a ‘natural’ logic that 
is a consequence of physical structure. In this interpretation, 
the utility of mathematics in physics is due to a similar logic 
embedded at the fi rst stage of perception. Physics, which 
describes the external world, and mathematics, which some 
believe is a human creation, are coherent because both contain 
a logic whose origin is a consequence of physical, topological 
structure.

Quantum mechanics

The mathematical description of non-relativistic quantum 
mechanics was completed in 1925 superseding the collection of 
empirical observations and ad hoc assumptions known as the 
old quantum theory [7-9]. Upon completion of this project it 
was realized that the formal structure contained signifi cant 
interpretive problems. The explanation of these diffi culties 
engaged the greatest scientifi c minds of the previous century, 
without satisfactory resolution [10-12].

The Copenhagen interpretation of quantum mechanics 
[8], supported by experimental violation of Bell’s inequalities 
[13], implies that there is a fundamental interaction between 
perception and reality as manifested, for example, in 
measurement systems, non-local causality, and the reality of 
unobserved quantum processes.  However, this explanation is 
verifi ed only by the phenomena it is supposed to explain—there 
is no independent evidence that such an interaction is possible. 
Of course, it is not essential that other similar processes be 
known. On the other hand, the astrobiological theorem does 
provide independent evidence supporting the possibility of 

such an interaction. By explicitly demonstrating a logical 
bias introduced by physical structure, it provides a particular 
example of a constraint on observable reality imposed by 
perception.

Conclusion

An abstract description of the process of sensation is shown 
to be equivalent to the logic of sentences. In this way, SC can 
be considered a consequence of physical structure. This logical 
bias is faithfully preserved in any internal inductive constructs 
based on sensory data, and therefore, any suffi ciently advanced 
physical organism will share a form of SC. This proves a 
theorem about extraterrestrial intelligence. In addition, the 
formal consequences identifi ed by the theorem suggests new 
interpretations and, therefore, new areas of research in physics 
and mathematics.
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